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Abstract

Instantaneous power theory has a central role in
power systems analysis. Among mathematical
settings used for the development of this theory,
quaternion algebra has been used for describing
electrical variables in recent works. In this
context, this paper aims to describe three-phase
power in a quaternion framework. We analyze
quaternion power for balanced and unbalanced
delta loads, comparing the expressions obtained
to the usual expressions of complex power. The
quaternion power expression obtained also
makes it natural to introduce a decomposition of
the unbalanced load in terms of a balanced
component and an unbalanced load with null
average power. It is also shown that delta
unbalanced loads are equivalent to time-varying
balanced loads. The results obtained extend the
power systems theory in the quaternion domain
and emphasize the advantages of using this
framework.

Introduction

= A framework based on quaternions seems to be
promising for analysis of several problems in power
systems and has already produced some interesting
results.

= In this work, we study the quaternionic power for a
general load in A configuration.

Quaternion Definition and Properties

= Quaternions can be defined as

A=r+xq, +yq; +zq;3
where r, x, y and z are real numbers and 1, q4, q, and
q3 form the orthonormal basis of the hypercomplex
space.

= The product of two quaternions is non-commutative.

Table I — Product of basic quaternions

I N TR T
1 91 qz q3

“ q1 -1 q3 —q:
“ qz —q3 -1 q1
“ q3 q2 —q1 -1

Quaternion Power in Three-wire Systems

= The quaternion balanced voltage can be defined by
V() = va(Oq1 +vp () q2 +v:(t)q3

where v, (t) = V,cos(wt), v,(t) = V,cos(wt — %n) and

v (t) = V,cos(wt + 2?”).

= Analogously, the three-phase current quaternion are
defined by

I(t) = ig(D)q1 +ip(Oq2 +ic(D)q3

in which i,(¢), i,(t) and i.(t) are line currents flowing
through phases A, B and C, respectively.

= The power quaternion is defined as
S=V@I()

A. Three-phase balanced A load

Va

* The quaternion power of the balanced A load is
9 =
§ =SnVe™

where i = = (q1 + g2 + 43)-
=The expression of the quaternion power is equivalent
to the expression obtained for the complex power of

this load, changing the imaginary unit j for the unitary
quaternion 7.

B. Three-phase unbalanced A load
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= The power quaternion of this load can be written as

9Yap . = e . - 9Y, ~
S = E%ngenBal, +E?CVDZE"9“+E%V026"9“1 +

C) A Yy . - Y,y . -
Zlab ban(t) 4 210 72 Tipne(t) 4 2168 2 pTidea(t)
+23Vue +23Voe +23Voe
where ¢, (t) = 20t + % — Oapy Prc(t) = 20t + 1 — O,
and ¢ce () = 20t =% — Ocq.

= Comparing the quaternion power to the usual complex
power, it can be observed that the three first terms are
equivalent to the complex power substituting j for 7.

=The three last terms are unique to the quaternion
power representation and account for instantaneous
power dynamics.

= Summing the three constant quaternions and the three
varying in time quaternions, we can rewrite the
quaternion power as

S = ;ﬁvozeﬁspl +§%’Vozeﬁ¢w(f)

= The first term represents the quaternion power of the
average of the admittances between each phase.
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= The second term is the quaternion power of the
association of three loads. These loads have null
average power,

Yab - j(2+0,)
3

= The quaternion power can also be written as

9s®)
= 27 Ps(t)
§S=33 e

= The expression is analogous to the balanced case,
implying that the three-phase unbalanced impedance
can be represented by a three-phase balanced load,
with modulus and phase varying in time.

Conclusion

* The quaternion power can be expressed with two
terms:
« A constant term equivalent to the usual complex
power; and
*« A time-varying term that accounts for the
contribution of load unbalance on the power.

= The second term can be used as a measure of the
load unbalance level.

= An unbalanced A load can be decomposed in terms
of a balanced load and an unbalanced load with null
average power,

= An unbalanced A load can be represented as a time-
varying balanced load.
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