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Abstract. In this paper, an approximate method for the 
fast calculation of magnetic fields inside the stator slots 
of large hydro generators is presented. Due to its 
relatively low computational cost, the approach is 
suitable for every-day-use calculations in the process of 
tendering and design of hydro generators. The scheme 
comprises two parts. The first one is a Boundary Element 
Method (BEM) solution of a slot with current-carrying 
strands and ideally permeable walls. The second part 
consists in an Artificial Neural Network (ANN) for the 
incorporation of secondary effects, such as tooth
saturation. The effects of induced eddy currents on the 
flux density at the strands’ centres are taken into account 
by an iterative BEM solution with successive corrections 
of the resulting fields. Since eddy current effects are 
comparably small for the configurations usually applied, 
convergence is readily achieved. The training data for the 
ANN were obtained from a comparison between the 
linear BEM results and Finite Element (FE) computations 
which have been carried out on a set of 65 hydro 
generators at different slot temperatures. By employing 
the BEM approach, which captures most of the 
underlying physics, and a corrective neural network, a 
grey box model is obtained. This has the advantage that 
the output of the net is “safeguarded” by the BEM 
solution. In order to get a robust representation of the 
data, the training of the ANN was carried out applying a 
Genetic Algorithm (GA).
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1. Introduction
The calculation of circulating currents and radial field 
losses in the stator bars of large generators has been dealt 
with by several authors during the last decades, e.g. [1]-
[10]. Circulating current losses have their origin in the 

uneven distribution of the strand currents in a stator bar. 
This is due to induced voltages between the individual 
strands of a bar. One part of the voltages originates from
the stray field in the end winding region, the other part 
from the slot field in the stator section. The calculation
methods for circulating currents are based on the 
approach of [5], [6]. It consists of an axial subdivision of 
the strands in order to model the transposition (Fig. 1) by 
suitable displacements of the parts along the bar.

Fig. 1. Discrete model of a Roebel bar.

Within the stator slots, the mutual interactions of the 
strands are captured by an impedance model. In the end 
region, however, the whole end winding contributes to 
the stray fields (with distance as an ameliorating effect). 
Nevertheless, in most approaches, Biot-Savart integration 
in the end region is employed where the boundary 
conditions are enforced by suitably chosen mirror 
conductors (Fig. 2).

Fig. 2. Conductor model of both end winding regions for Biot-
Savart integration.

Transpositions for keeping circulating current losses low 
are well known and need not be dwelt on here. 



Nevertheless, it is of utmost importance to pre-calculate
the effect of a given transposition on the overall losses of 
a generator. However, some of the most decisive 
influence factors, i.e. the impedances of the strands 
within the slot region, are often based on a linear and 
unsaturated slot model. 

During the last years, significant improvements have 
been achieved on this field. In [3] and [4], conformal 
mapping and FE-based slot fields have been employed.
The availability of radial slot fields is a considerable 
advantage, especially in the case of large turbine 
generators with double Roebel bars or directly cooled 
stator windings.

Good estimations of the radial slot fields give the 
possibility to calculate the radial field losses [7]. Al-
though the use of 2d-FE would give relatively good 
answers for the fields, it is hardly ever employed in
every-day-use. A full 3d-FE model with bar transposition 
is known from the literature, [8], but it seems to be of 
limited use in practice for reasons of high complexity.

On the other hand, the technique of conformal mapping 
has been employed for the solution of the slot opening 
problem for many years (e.g. [13] and [16]). Though this 
method gives good estimations for the radial fields near 
the slot opening, it is basically restricted to potential 
problems. That is, the slot walls are modelled as Dirichlet 
boundary conditions. The inclusion of sources (i.e. strand 
currents) has rarely been attempted (e.g. [17]) because 
the sources have also to be transformed into the w-plane
which is a quite formidable task.

Therefore, the findings of [1] - [4], [7] have been used as 
the basis for an approximation of the radial slot fields 
including tooth saturation and load. The basic physics of 
the problem is described using a BEM solution;
corrections for non-linear effects are made by an ANN. 
The training data for the ANN have been found using FE 
results. However, due to the complexity of a 2d rotational 
FE solution (Fig. 3), certain simplifications had to be 
made.

Fig. 3. Calculated stator strand currents due to radial fields at 
rated load.

First, the effects of rotor motion are neglected. They are 
replaced by an investigation of a single slot under 

harmonic excitation. This does also imply that losses of 
current harmonics are not taken into account. From the 
findings in [7], this seems to be justified. Second, the 
potential distribution along the boundaries of the single 
slot model had to be approximated by functional 
boundary conditions. These were derived from flux 
patterns that had been obtained from 2d rotational FE. 
Although these assumptions appear to be rather far 
reaching at the first glance, they nevertheless give good 
answers when compared with rotational FE. Moreover, 
with somewhat higher effort, one could also derive 
training data from 2d rotational FE models. This would 
enhance the accuracy further, albeit at rather high 
computational cost.

2. Approximation of the Slot Field

A. Boundary Element Approach

For a two dimensional (2d) approximation of the 
magnetic field inside a slot with ideally permeable walls,
we start with the quasi-static curl(H) equation.

H J∇× = (1)

J comprises the net current of the strand as well as the 
eddy currents. Since the magnetic flux density B is 
solenoidal,

B 0∇⋅ = , (2)

it can be expressed by the curl of the axial (z-) 
component of a magnetic vector potential A.

B A 1z zA=∇× =∇× (3)

Together with the material law for free space

0B Hµ= (4)

Poisson’s differential equation can be derived for the z-
component of the magnetic vector potential in a 2d
problem.

2

0z z zA A Jµ∇ = −=∆ (5)

Contrary to [10], fast transients are not of interest here. 
Therefore, a static approach with successive iterations for 
the allowance of induced eddy currents was chosen.

Following [11], the magnetic flux density is split into two 
parts, B∝ and BD, where B∝ is the homogeneous flux 
across the air gap and BD the disturbance flux caused by 
the presence of slot walls and current carrying conductors 
inside the slots.

B B BD∞
= + (6)

Whereas B∝ is given in closed form, BD is expressed as 
the curl of two vector potentials W C

z zA A+ , where the first 
one takes the influence of the walls into account and the 
second one the currents inside the slot.

( )B B 1W C

z z zA A∞= +∇× + (7)



Since the slot walls are thought as infinitely permeable, 
the (pseudo-) tangential component of B is set to zero 
along those slot walls.

( )( )n B n B 1 0W C

z z zA A∞× = × +∇× + = (8)

Together with the normal derivative of the z-component 
of a vector potential in 2d,

( )n 1 z
z z

A
A

n

∂
× ∇× = −

∂
, (9)

the following expression is obtained for the normal 
derivate of the wall disturbance potential W

zA .
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In (10), the Newtonian potential (11) of the currents for 
free space has been used. Ω is the domain of interest, i.e. 
slot and air gap. Since Jz=0 outside the strands, the 
integration is carried out over the conductors only. The 
normal derivative in (10) is applied with respect to 
observation point co-ordinates. The domain integral runs 
over source co-ordinates, only Green’s function depends 
on both co-ordinate systems. Therefore, the derivation 
could be applied directly to Green’s function.

0

C

z zA J Gdµ
Ω

= Ω∫ (11)

The derivation of the boundary integral formulation (12)
for the problem at hand can be found in textbooks, e.g. 
[11] - [14], and shall not be repeated here. Moreover, the 
spatial dependencies of Green’s functions and the 
potentials have been tacitly omitted for the sake of 
brevity. In (12), Γ is the boundary of Ω. The disturbance 
potential W

zA has no sources within Ω. In the second 
domain integral, the definition of Green’s function has 
been introduced, where δ is Dirac’s delta function.

( ) ( )( )0W W W

z z z

W
W W z
z z

G A A G d G A d

AG
A A G d

n n

δ
Ω Ω

Γ

∆ − ∆ Ω = ⋅ − − Ω =

∂∂
= = − Γ

∂ ∂

 
 
 

∫ ∫

∫Ñ
(12)

When the point of observation approaches the boundary, 
the integral kernels become singular. The principal value 
evaluation of the boundary integrals leads to the integral 
equation (13) for the disturbance potential on the region 
boundaries. The normal derivative of the disturbance 
potential on the slot walls follows from (10).

W
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In (13), c is the coefficient of singularity which results 
from replacing the original boundary by a part of a circle 
around the coalescing observation and source points.

2
c

α

π
= (14)

On a smooth boundary, the value of c is ½. If the 
singularity is on a wedge with internal angle α, the value 
of c is determined by this angle divided by 2π .

The integral equation is solved by the Boundary Element 
Method (BEM). Details are not repeated here, because 
there is an ample choice of textbooks available on the 
topic, e.g. [11] or [12]. Even though it is not economical 
to derive equi-potentials or flux lines from a BEM 
solution, this has been done for the sake of comparison 
between BEM and FE results (Fig. 4). The flux lines in 
(a) have only been drawn in the air gap as it was not 
considered important to refine the underlying algorithms 
beyond measure.

 
(a) (b)

Fig. 4. Equi-potential and flux lines computed via the boundary 
representation (a) and from a FE solution (b).

The phenomena of fringing main flux and tooth tip 
singularity can be observed in Fig. 5. In the (thought) 
uppermost strands of the upper bar, the singularity at the 
tooth tip has a remarkable influence on the distribution of 
the magnetic flux density. The effect of the fringing main 
flux can also be seen clearly by the substantial y-directed 
field near the upper rim of the bar in (b).



 
(a) (b)

Fig. 5. Example of the distribution of the x-component (a) and 
of the y-component (b) of the flux density B.

B. Eddy Current Fields

All quantities inside the slot are described in two parallel 
co-ordinate systems. First, the global (x,y)-system having 
its origin at the centre line at the slot opening. Second, 
there is a local (ξ,η)-system originating at every strand’s 
centre (Fig. 6).

Fig. 6. Global (slot) and local (strand) co-ordinate systems. 

For the representation of the magnetic flux density inside 
the conductors, the approach of [1], [2] is adopted to the 
situation given here. The flux density (15) is subdivided 
into two parts, i.e. a component B0 in the centre 
( ), ,,m i m iξ η of strand i and another component BC which 
is due to the currents within this strand. The component 
B0 is determined mainly by the currents below the 
considered strands, the fringing main flux and by the 
singularities at the tooth tips. The contribution of the 
main flux due to saturation of the stator teeth is usually 

moderate (e.g. [7]) and can be captured by the neural 
network. 

( ) ( ) ( )0 , ,B , B , B ,i m i m i Cξ η ξ η ξ η= + (15)

Since the dimensions of the conductors are roughly in the 
order of the skin depth, the spatial variation of the 
currents is assumed to be linear. Both the x- and y-
components of the magnetic flux set up eddy currents, 
which can be expressed as in (16). The strand width is 
denoted as w, h stands for its height. I symbolises the net 
current flowing in the strand.

( ) ( ) ( ), , ,z z y z x

I
J J B J B

wh
ξ η ξ η= + + (16)

In Fig. 7, these assumptions are made clearer. Since the 
loop for currents induced by By is much wider than that 
for Bx, the respective By-currents will dominate. Currents 
set up by Bx have a relatively modest influence on the 
overall field situation albeit they can create quite 
substantial losses. This is because Bx increases steadily 
from the slot ground towards the opening. Bx has typical 
values of about 0.3 T at the uppermost strands (see also 
Fig. 8). Consequently, many strands are exposed to
relatively high Bx–values. The situation is contrary for By, 
since high values of By are a local phenomenon near the 
slot opening.

Fig. 7. Current density along η=0 and ξ=0.

Referring to Fig. 8, it can be observed that under 
idealised slot conditions (i.e. infinitely permeable walls, 
no fringing field, no influence of the tooth tips), the flux 
density resulting from a positive z-directed bar current is 
solely directed along the negative x-axis. Accordingly, 
the y-directed flux ,C yB is zero, because it would have to 
pass a very long distance in air in front of an ideally 
permeable wall. In (17), this fact has been taken into 
account where ω is the angular frequency and σ the 
conductivity of the strands.
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Also with reference to Fig. 8, it can be stated that ,C xB
should not be neglected thus leading to (18).

( )
2

, 0, ,,
12z x C x x C x

j h
J B B j B B

h

ωσ η
η ωσ η= − +

 
 
 

(18)

Fig. 8. Stray flux density inside an idealised slot. Only the 
upper part of the slot has been drawn.

From the conditions in the ideal slot and following the 
approach of [4], the magnitude of ,C xB is calculated 
approximately via (19)

, 0 02 2
C x

slot

strands

I I
B

w

k

µ µ
β

≈ − = − , (19)

where β is the part of the slot width which one of strandsk
parallel strands has to excite with its current I. Inserting 
(19) into (18), ,C xB can be eliminated thus giving (20) for 
the expression of the current density due to the x-directed 
flux density.
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After some elementary integration, the correction terms 
(21) for yB and (22) for xB can be obtained. These 
expressions permit an iterative approach towards flux 
density values in the strand centres incorporating the 
effects of the eddy currents. Since the correction terms 
are very small for the strand configurations commonly 
applied, convergence is achieved after a few iterations.

2

0 0, 4y y

w
B j hBωσµ∆ ≈ − (21)

2

0 0, 4x x

h
B j wBωσµ∆ ≈ − (22)

C. Magnetic Slot Wedges

Sometimes, magnetic slot wedges are employed in hydro 
generators. This is mainly for the reason of reducing slot 
ripple losses, Due to the resulting flux concentration in 
the wedge area, magnetic wedges have also slightly
beneficial effects on the radial field losses because a 
larger portion of flux is diverted directly into the tooth 
and does not penetrate the uppermost strands. The 
inclusion of magnetic slot wedges is relatively 
straightforward by the theory of magnetic polarisation as 
detailed in [15]. The magnetic field within isotropic
magnetised matter can be expressed via

0 0 0 0 0B H P H H B Bµ µ µ κ κ= + = + = + , (23)

where P is the magnetic polarisation and κ denotes 
susceptibility. The term 0Hµ is abbreviated by 0B . The 
polarisation vector P can be thought of being generated 
by magnetic sources at the boundaries between magnetic 
material and free space. Unfortunately, the magnetic 
susceptibility κ is non-linear. Therefore, a volume 
integral for the calculation of the field B originating from 
the magnetic wedge has to be applied.

0 0 ,

wedge wedge

m i

i

i
i

B H Gdµ ρ
Ω

= = ∇ Ω∫∑ (24)

In (24), the volume integral over the wedge is be replaced 
by a sum over elementary volumes Ωi within which the 
magnetic properties are assumed to be constant. The 
magnetic charge density is defined by H inside the wedge
and the respective susceptibility. The resulting fields in 
any point can be calculated by the vector sum of 0

wedgeB
and the fields originating from the walls and the 
conductors. Since κ is dependent on the field values, an 
iterative process is necessary. The relative permeability 
of slot wedges is comparatively low. Consequently, the 
resulting convergence rates are favourably high.

3. ANN Training

Having found a BEM solution for the idealised slot, it is 
highly desirable to include other effects, such as the 
saturation of the stator teeth, into the estimations. Taking 
into account such effects in an analytical solution would
yield expressions of high complexity. In order to 
circumvent this, a correction model based on a neural 
network of the Multi-Layer-Perceptron (MLP) type has 
been established. For a test set of 65 hydro generators, 
both a linear BEM-solution and the corresponding non-
linear FE results have been compared. Additionally, this 
has been repeated for different values of the slot 
temperature. A sample result in terms of flux densities 
can be seen in Fig. 9, whereas Fig. 10 depicts the electric 
losses in the individual strands. The flux density values 
of Fig. 9 have been scaled with respect to a hypothetical 
stray field at the slot opening, (25). 
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In both figures, the y-position has been scaled by the slot 
depth. The increase of flux density can be seen clearly 
near the slot opening (i.e. y→0 in Fig. 9).
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Fig. 9. Sample data set of the centres of the strands (BEM and 
FE solutions) for ANN training. Real part of B is shown.
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Fig. 10. Electric losses in the individual strands (BEM and FE 
results) scaled by the DC losses.

The values of the losses in the strands of Fig. 10 have 
been scaled by the DC losses. Ideally, all strands should 
exhibit only these losses. Moreover, the x-directed stray 
fields originating from the stator currents cause 
additional losses. This effect, however, is mitigated by 
the small strand height h. A y-directed fringe flux has 
better possibilities to generate losses since it penetrates 
the strands at their longer side (strand width w). This 
effect can be controlled by displacing the uppermost 
conductors away from the slot opening.

Comparisons between BEM and FE results clearly 
suggest a grey box approach. The solutions are not very 
far from each other, so constants ki for scaling the x- and 
y-directed flux density at the strand centres and for the 
loss increase should suffice. These constants have been 
calculated for all 195 (=65⋅3) test cases and subsequently 
used as target vectors for training and validation. In order 
to prevent the net from learning the training vectors “by 
heart”, the sets of training and validation vectors have 
been generated randomly. Additionally, to achieve better 
generalisation, Levenberg-Marquart training with 
Bayesian regularisation has been applied. The input of 
the net consists of normalised parameters such as 
frequency, conductivity, slot with and depth, strand 
dimensions, air gap flux, armature reaction etc. The 
training has been carried out with MATLAB’s Neural 
Network Toolbox. For the approximation, an MLP-type 
network (Fig. 11) has been chosen.

Fig. 11. Schematic representation of a three layer MLP-
network. Not all connections have been drawn.

The output of a single neuron is computed in two stages. 
First, all input values and the threshold k

iθ are summed.
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MLP networks are trained by backpropagation. That is,
the error between network output and training vector is 
used to update the weight coefficients between the layers 
by a gradient method. Details can be found in any 
textbook on the method (e.g. [21]-[23]).

Having carried out the training, the network parameters 
are exported and used as an include file in a FORTRAN 
subroutine which implements the recall-phase of the 
trained network. This subroutine can be invoked in 
design programs at virtually no computational cost.

Unfortunately, finding the ideal network configuration is 
not straightforward. Whereas the neurons in the input and 
output layers are determined by the size of input and 
output vector, there exists some freedom in the formation 
of the hidden layers. However, these liberties are 
somewhat restricted. On the one hand, there should be 
enough neurons to capture the functional behaviour 
between input and output. On the other hand, overfitting
should be avoided in any case, e.g. [25].

In order to assist with the choice of network parameters, 
a Genetic Algorithm (GA) has been employed to 
automatically investigate the parameter space for network 
creation (similar to the approaches in [23], [24]). For this 
sake, a GA Toolbox for MATLAB [19] has been used. The 
input values for the GA are the number of neurons in the 
hidden layers and the size of the training set. 
Accordingly, the rest of the data set has been applied for 
validation. Details of GAs can be found in [18]-[20], for 
example. The principle of a simple evolutionary method 
can be inferred from Fig. 12. After the generation of an
initial population, the objective functions are computed 
and compared with the pre-defined optimisation goals. If 
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these constraints could not be fulfilled, a new generation 
of individuals is formed by selecting the fittest members 
of the old population for a creation of offspring. These
children are subsequently tested against the targets until 
either the conditions are met or the resources are 
exhausted.

Fig. 12. Structure of a simple evolutionary algorithm, from
[19].

In our case, the goal was to minimise a global mean error 
which had been computed from the relative deviations 
between network output and training vectors. From Fig. 
13, it can be deduced that there is a wildly fluctuating 
behaviour of this error during most of the GA’s runtime. 
Amongst others, a reason for this behaviour is a random 
selection of training and validation vectors. Nevertheless, 
a certain amelioration of the situation is to be observed in 
the last quarter of the runs. Obviously, the GA has found 
a suitable combination of parameters that is robust 
enough to face the oddities of randomly chosen training 
vectors.
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Fig. 13. Development of the global error during GA-based 
ANN-training.

A closer inspection of the error over the product of 
hidden neurons times training set size (Fig. 14) shows 
that there is a valley between 5000 and 6000. Very low 
errors at the end of the abscissa indicate that the net has 
used nearly all vectors for training and hardly any for 
validation. This is not desirable for everyday use, since 
previously unseen input vectors might be misclassified.
For that reason, it was decided to live with a somewhat 
higher global error instead of overtraining the network.
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Fig. 14. Global error over number of neurons times number of 
training vectors.

Fig. 15, gives an impression of the recall phase of the 
trained network. There is relatively little deviation 
between training vectors and simulation by the network.

Fig. 15. Result of GA-based ANN-training for Bx.

4. Results

In Table I, the effects of tooth saturation and radial slot 
field on the additional losses in the slot region have been 
investigated for several generators. All losses are scaled 
by the DC losses in the slot region. Generator 1 is an 
example of a bulb type generator with highly saturated 
stator teeth and strands near the slot opening. Whereas 
the losses by the slot stray field (Padd, Bx) are reduced by 
saturation, the radial field losses (Padd, By) reach substan-
tial values.
TABLE I. - Comparison of losses (percent of DC losses) in the 

slot region

By = 0, UNSAT. By ≠ 0, SAT.
GEN. BAR

Padd, Bx Padd, By Padd, Bx Padd, By

Top 38.1 0.0 12.8 27.0
1

Bottom 5.1 0.0 1.7 0.7
Top 29.1 0.0 23.5 12.8

2
Bottom 3.8 0.0 3.1 0.4

Top 17.2 0.0 9.8 2.8
3

Bottom 2.3 0.0 1.3 0.1
Top 6.1 0.0 7.3 0.1

4
Bottom 1.0 0.0 1.3 0.0
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Generator 2 is also a bulb type machine, albeit with lower 
saturation. Consequently, the saturation-based reduction 
of losses is lower than in the first case. Additionally to 
reduced saturation, a narrower slot leads to lower radial 
field losses compared to the first case. Generator 3 is a 
conventional vertical machine with moderate saturation 
in the stator teeth whereas generator 4 has several 
particularities. First, its tooth saturation is comparatively 
low. Therefore, the singularity of Bx at the wedge bottom 
more than compensates the loss decrease due to 
saturation. Furthermore, the pre-slot is increased for short 
circuit reasons, which leads to a very small radial field at 
the uppermost strands.

Fig. 16 shows a comparison between the strand current 
distribution with and without y-directed slot field. As was 
to be expected, this influence can be neglected in slots 
with two columns of strands. However, this is not the 
case in turbine generators with double Roebel bars. This 
ongoing work will be presented in a separate paper.
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Fig. 16. Strand currents with and without y-directed slot field.

5. Conclusions

It has been demonstrated that a combination of linear 
Boundary Element results together with a neural network 
can provide fast approximate solutions to the slot opening 
problem for tendering and design purposes of hydro 
generators. Good estimations of the fields in the strands 
of generator stator bars are necessary for the calculation 
of radial field losses and circulating current distributions. 
Whereas the Boundary Element part takes care of the 
underlying physics, the neural network offers the 
possibility to learn second order effects such as tooth 
saturation from Finite Element test data.
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